Abstract. We show that a regular local ring is a filtered inductive limit of regular local rings, essentially of finite type over Z.
Introduction
Let R be a regular ring. The following is a well known question concerning finitely generated projective modules over polynomial R-algebras. [27] ) Every finitely generated projective module P over a polynomial R-algebra, R[T ], T = (T 1 , . . . , T n ) is extended from R, i.e. P ∼ = R[T ] ⊗ R (P/(T )P ).
The Bass-Quillen Conjecture (shortly the BQ Conjecture) has positive answers in the following cases i) if dim R ≤ 1 by Quillen and Suslin (see [27] , [29] ), ii) if R is essentially of finite type over a field by H. Lindel (see [13] ), iii) if R is a local ring of unequal characteristic, essentially of finite type over Z, let us say (R, m, k) with p =char k ∈ m 2 by Swan [18] . Swan noticed that it will be useful for the general question to have a positive answer to the following one. [18] ) A regular local ring is a filtered inductive limit of regular local rings, essentially of finite type over Z.
Question 2. (Swan
A partial positive answer is given below. (1) p = char k ∈ m 2 , (2) R contains a field, (3) R is excellent Henselian.
Using the above theorem we showed using Lindel's and Swan's results that the BQ Conjecture holds for regular local ring containing a field, or regular local rings (R, m, k) with p =char k ∈ m 2 (see [25, Theorem 4.1] ). After almost 30 years, we noticed that complete positive answers of the above questions are missing and there are still people interested to have them.
The purpose of the present paper is to give a complete positive answer to the Swan Question (see Theorem 17 where important is the last sentence, which follows from the first part of the statement necessary only for the proof). When dim R = 1 our Theorem 8 uses a condition of separability which we remove it in Theorem 15. Unfortunately, our result seems to be not very useful for the Bass-Quillen Conjecture (see Remark 18) . The appendix shows that our Corollary 19 could be used to reduce a well known conjecture on purity to the complete case (see Proposition 21).
Discrete Valuation Rings of unequal characteristic.
Let (A, m) be a discrete valuation ring (a DVR for short) of unequal characteristic. Then A dominates Z (p) , where p =char k, k := A/m. We suppose that p ∈ m 2 and the field extension k ⊃ F p is separably generated.
Remark 4.
Suppose that the fraction field K = Fr(A) of A is a finite type extension of Q. Then it is possible that k/F p is not a finite type field extension (see [1, Theorem 6 .1]). Thus k/F p need not be separably generated.
Lemma 5.
There exists a DVR subring B of A and a regular parameter x of A such that (1) B ⊂ A is a ramified extension inducing an algebraic separable extension on the residue fields, (2) B contains a power b = x e , 1 < e ∈ N of x, which is a regular parameter in B,
Proof. A lifting of a separable transcendence baseȳ = (ȳ i ) i∈I of k over F p induces a system of algebraically independent elements y := (y i ) i∈I , y i ∈ A of K over Q. Then the ring [15, Theorem 83] ). Consider the flat map ψ 0 : C 0 → A given by Y → y. Note that ψ 0 is ramified and induces an algebraic separable extension on the residue fields. Suppose that p = x s t for some regular parameter x of A and an unit element t ∈ A, 1 < s ∈ N.
We claim that t is not transcendental over Q(y). Indeed, choose r such that
is a DVR and the residue field extension induced by B ⊂ B ′ is pure inseparable because u p r ∈ B modulo m ∩ B for every u ∈ B
′
. As it is also algebraic separable by hypothesis, we see that this residue field extension is trivial and so B ′ must be a ramified extension of B of order e B ′ /B = p r > s which is false.
The
is an unramified extension of
is a DVR subring of A, the extension C ⊂ A is unramified and induces an algebraic separable extension on the residue fields.
Otherwise (this is possible as shows Example 6), choose a regular parameter z
for some regular parameter x ′ of A, 1 ≤ s ′ < s and an invertible element t ′ ∈ A. Note that the field extensions Q(y) ⊂ Q(y, t ′ ) ⊂ Q(y, t) are finite and the last one of degree s is ramified. This is because the degree of the corresponding fraction field extensions over Q(y) decreases in each step, in the worst case B ′′ = C 0 . Thus we may assume that s ′ > 1. Repeating this procedure for A ∩ Q(y, t, t ′ ) and so on, we arrive in some steps to a DVR subring (B, (z)) of A containing a power b = x e , e > 1 of a regular parameter x of A with z ∈ x e ′ A for e ′ < e. Then
is a DVR subring of A, the extension C ⊂ A is unramified and induces an algebraic separable extension on the residue fields. Using by recurrence the above lemma we get the following proposition.
Proposition 7.
In the notations of the above lemma, there exists extensions of DVR subrings of A,
is an unramified extension for any 0 ≤ i ≤ r inducing an algebrac separable extension on the residue fields,
which is a regular parameter in B i . Theorem 8. Suppose that K =FrA is a field extension of Q not necessarily of finite type. Then A is a filtered inductive union of regular local subrings (R i ) i∈I of A, essentially of finite type over Z.
Proof. It is enough to show that for a finite type Z-algebra E ⊂ A there exists a regular local subring R ⊂ A which contains E and it is essentially of finite type over Z. By Proposition 7 there exists extensions of DVR subrings of A, (2) hold above. Apply the classical Néron Desingularization (see [19] , [10, Theorem 1] ) for the case C r ⊂ B r+1 = A. Then there exists a regular local subring R r ⊂ A, which contains C r [E] and it is essentially of finite type over C r . If r = 0 then A is an unramified extension of C 0 inducing an algebraic separable extension on residue fields and we are done.
Suppose that r > 0. Using again the Néron Desingularization for the extension C r−1 ⊂ B r we see that B r is a filtered inductive union of regular local subrings essentially of finite type over C r−1 . Then there exists a regular local subring T r−1 of B r essentially of finite type over C r−1 such that (1) b r belongs to a regular system of parameters z r−1 of T r−1 and there exist a regular local subring
Applying by recurrence this procedure we find a regular local subring R 0 of A, which is essentially of finite type over C 0 and contains C 0 [E]. This is enough. 
Regular local rings of unequal characteristic
Let (R, m, k) be a regular local ring of dimension n and p =char k. We suppose that 0 = p ∈ m 2 . Lemma 10. There exists a regular system of parameters x = (x 1 , . . . , x n ) for R such that (p, x 2 , . . . , x n ) is a system of parameters for R. For any such, the map Z[X 2 , . . . , X n ] (p,X 2 ,...,Xn) → R given by X i → x i , 1 < i ≤ n is flat and induces a ramified extension of DVRs modulo (x 2 , . . . , x n ).
Proof. The second statement follows from the first and the flatness criterion (see e.g. [15, 20 .C]) Suppose that n > 1 and let z = (z 1 , . . . , z n ) be a regular system of parameters of R. Using induction on n it is enough to choose x n from the infinite set z n + m 2 which does not divide p. The following theorem extends Néron's desingularization (see [19] , [10] ) and it was useful to solve different problems concerning the projective modules over regular rings, or from the Artin Approximation Theory (see [21] , [23] , [25] , [26] , [30] ).
Theorem 11. (General Néron Desingularization, Popescu [20] , [21] , [22] , [23] , [24] ,
be a regular morphism of Noetherian rings and B an A-algebra of finite type. Then any A-morphism v :
r ≤ q is a system of polynomials from I then we can define the ideal ∆ f generated by all r × r-minors of the Jacobian matrix (∂f i /∂Y j ). After Elkik [7] let H E/A be the radical of the ideal f ((f ) : I)∆ f B, where the sum is taken over all systems of polynomials f from I with r ≤ q. H E/A defines the non smooth locus of E over A.
Proposition 12.
In the notation and hypotheses of Lemma 10, let E ⊂ R be a
..,Xn) -subalgebra of finite type. Suppose that n > 1. Then the inclusion v : E → R factors through a finite type C-algebra F , let us say v is the composite map E → F w − → R such that w(H F/C )R contains a power of p.
Proof. Let q be a minimal prime ideal of h E = v(H E/C )R which does not contain p. Then C → R q is regular and using Theorem 11, or [24, Lemma 8] we see that v factors through a finite type C-algebra F 1 , let us say v is the composite map
Step by step we arrive in this way to some new F r and w r : F r → R such that all minimal prime ideals of h Fr := w r (H Fr/C )R contain p, that is, p ∈ h Fr . We are done.
We will need the next result, which is in fact [24, Proposition 5] (see also [11, Proposition 3] ) written in our special case. 
be an A-morphism. Suppose that (1) there exists a non zero divisor d ∈ A such that d ≡ P modulo I, which is also non zero divisor in A ′ , and (2) there exist an A-algebra D of finite type and an A-morphism ω : for some c with (0 :
Next theorem extends Theorem 8 in the case when k is not separable generated over F p . . Then A is a filtered inductive limit of some Noetherian local N-algebras (A i ) i essentially of finite type with A i /ΓA i regular local rings. In particular, a DVR is a filtered inductive limit of some regular local rings, essentially of finite type over Z.
Proof. Let x ∈ A be an element inducing a local parameter of R, E ⊂ A be a finite type N-algebra and v : E → A be the inclusion. Actually, we could simply take a morphism (not necessarily injective) v : E → A for some finite type N-algebra E. We may assume that p ≡ x e t 0 modulo (γ) for some e ∈ N and t 0 ∈ A \ m. Moreover, we may suppose that p = x e t 0 + m j=1 t j γ j for some t j ∈ A, j ∈ [m]. As in Proposition 12 we may assume that v(H E/N )A contains a power b of p because the map N → A q is a regular map for all q ∈ Spec A with p ∈ q.
Following the proof of [11, Theorem 2], we assume that
Let (Λ, (p, Γ), k) be the (unique) Cohen N-algebra with residue field k, that is Λ is complete and the map N → Λ is flat (even regular) (see e.g. [15, Theorem 83] ). Λ is a filtered inductive limit of some Noetherian local N-algebras (C j ) j essentially smooth (see Theorem 11) . Then the completion of the DVR A/(γ) is a finite free module over the DVR Λ/ΓΛ with the base {1, x, . . . , x e−1 } and so A/(γ, d
3 ) is a finite free module over Λ/(Γ, d
3 ) with the same base. Using [15, (20 for some t ji ∈ Λ. Thus there exists a smooth N-algebra C such that (t ji ) ji are contained in the image of the canonical map ψ : C → Λ, let us say t ji are the images of some t ′ ji ∈ C. Let ϕ be the composite map
induced by ψ and X → x. Actually,Ã is a filtered inductive limit of N-algebras of typeB
and C is smooth over N and containing (t
. We may take C such that the mapṽ :Ẽ := E/d 3 E →Ã induced by v, factors throughB, let us sayṽ is the composite mapẼ →Bw − →Ã, the last map being the limit map.
Choose a lifting u = (
) is a regular local ring being essentially smooth over a polynomial ring over Z and p, X are contained in a regular system of parameters of
is a regular local ring and denote the map Lemma 16. Let S be a class of finitely presented N-algebras. Let A be a N-algebra. Then the following statements are equivalent:
(1) A is a filtered inductive limit of algebras from S, (2) If E is a finitely presented N-algebra and v : E → A is a morphism then v factors through an algebra from S.
The following theorem is a positive answer of a question of Swan [18] . . Then A is a filtered inductive limit of some Noetherian local N-algebras (F i ) i essentially of finite type with F i /ΓF i regular local rings. In particular, a regular local ring (R, m, k) of unequal characteristic is a filtered inductive limit of regular local rings essentially of finite type over Z.
Proof. Let x 1 , . . . , x n ∈ A, n = dim A be a system of elements defining a regular system of parameters in R, E ⊂ A a finite type N-algebra and v : E → A be the inclusion. Suppose that n > 1 by Theorem 15 and let
1i modulo (γ) for some α 1i ∈ N, t 0 ∈ A \ m and some elements z 1i of A inducing irreducible elements in R, with (z 1i , γ) = (z 1i ′ , γ) for i = i ′ , R being a unique factorization domain. Moreover, we may suppose that
As in Proposition 12 we may assume that v(H E/N )A contains a power of p and as in Theorem 15 we may assume that
Consider as in Theorem 15 the Cohen N-algebra (Λ 1i , (p, Γ), Fr(A/(z 1i , γ))) with residue field Fr(A/(z 1i , γ)), that is Λ 1i is complete and the map N → Λ 1i is flat (even regular). Λ 1i is a filtered inductive limit of some Noetherian local N-algebras (C ij ) j essentially smooth (see Theorem 11) . Then the completion of the DVR R (z 1i ) is a finite free module over the DVR Λ 1i /ΓΛ 1i with the base {1, z 1i , . . . , z
} and so (A/(γ, d
3 )) (z 1i ) is a finite free module over Λ 1i /(Γ, d
3 ) with the same base. It follows that (A/(d 3 )) (z 1i ,γ) is a finite free module over Λ 1i /(d 3 ) with the same base.
is a product of the local Artinian ringsÃ (z 1i ,γ) which are finite free modules over 
for some new variables Z 11 , . . . , Z 1l 1 be the map induced byψ and Z 1i → z 1i . Note that
is mapped to t j modulo d 3 and S −1 (Ã) is a filtered inductive limit of localizations ofÑ-algebras of finite typẽ
Thus the composite map E
factors through such an algebraB 1 . Clearly,C 1 is a localization of a finite typeÑ-algebraC withφ 1 (C) ⊂Ã and 
We show by induction on n, that there exist an essentially smooth local N-algebra (D, q) with p from a system of regular parameters modulo (Γ) of D/ΓD and b ∈ q Case n = 2 We may suppose that x 2 is regular inÃ. Ifw 
2 ∆)) ∂g/∂W 1 is smooth overN, the corresponding localization C of (N[X 2 , W, ∆]/(g −X 3e 2 ∆)) ∂g/∂W 1 is such that C/ΓC is regular and p is from a regular local system of parameters of C/ΓC. It follows that D/ΓD is regular local, which shows our claim.
Using Proposition 13 forÑ[ 
Case n > 2 As above we may suppose thatw
We will show that given a prime ideal q ∈ Spec A such that qÃ is a minimal prime ideal ofw 
For the beginning we assume that height q = 2. Then qA q = (z 1 , z 2 , γ)A q for some z 1 , z 2 ∈ q because R q is a regular local ring of dimension 2. Assume that (p, z 2 , γ)A q is a qA q -primary ideal. Let N 2 = N[Z 2 ] (p,Z 2 ,Γ) and Λ 2 be the (unique) Cohen N 2 -algebra with the residue field Fr(A/q), that is Λ 2 is complete and the map N 2 → Λ 2 is flat (even regular). Then the completionR q of the regular local ring R q is a finite free module over Λ 2 /(Γ). We have λ 2 z e 2 2 ∈w ′ 1 (HG 1 /Ñ )Ã for some λ 2 ∈ A \ q and e 2 ∈ N. Changing z 2 by λ 2 z 2 we may suppose that λ 2 = 1. Set 2 ≡ j M j L j moduloĨ for a system of polynomials f (2) fromĨ, some polynomials
2 , Γ) with the basis {z 2 ) with the same basis. We have p ≡
2 ) for some t 20ij ∈ A \ q, t 2λij ∈ A and some subsets N
. Λ 2 is a filtered inductive limit of smooth N 2 -algebras C 2 (see Theorem 11) and letψ 2 :
be the limit map. We may chooseC 2 such that the image of the map
2 ) and ct
we see that the composite mapG 1w
2 ). We may assume that the composite mapG 1w
2 ) factors to a N 2 -algebrã
Step by step, using this procedure we may find some elements (z i ) 2≤i≤ν , some numbers (e i ) i , some finite typeÑ
(1) the composite mapP i−1w
is the composite map
By Noetherian induction we may assume thatw ′ ν (HP ν /Ñν )Ã ν is mÃ-primary. We may choose x n such that it is regular in (R i ) i∈[ν] and a power x e ′ n of x n is iñ w
Induct on n > 1. Using the induction hypothesis, as in Case n = 2, A/(x 3e ′ n ) is a filtered inductive limit of some Noetherian localÑ [31] that if the BQ Conjecture holds for a regular local ring A then it holds for a factor of a polynomial A-algebra by a monomial ideal.
The goal of this appendix is to illustrate the main results of the paper with the following reduction.
Proposition 21. For every regular local ring (R, m) that is a filtered direct limit of excellent regular local rings, the conjecture above reduces to the case when R is complete.
Proof. By descending the elements that comprise an (R/m)-basis of m/m 2 to a finite level in the direct limit, we may assume that (R, m) is a filtered direct limit of excellent regular local rings each of whose dimension is at least that of R. Thus, the limit formalism reduces us to the case when R is excellent. Excision (see [16, proof of III.1.27]) and [6, 18.7.6 ] then reduce us further to the case when R is both excellent and Henselian. We then use the Néron-Popescu desingularization (see Theorem 11) to express the m-adic completion ( R, m) of (R, m) as a filtered direct limit of essentially smooth, local R-algebras (R j , m j ). Since R is Henselian local and shares the residue field with R, Hensel's lemma [6, 18.5.17] ensures that the structure maps R → R j have sections R j → R. In particular, they induce the injections 
